A numerical analysis of flow around a circular cylinder oscillating in-line with a steady flow is carried out over a range of driving frequencies (f d ) at relatively low amplitudes (A) and a constant Reynolds number of 175 (based on the free-stream velocity). The vortex shedding is investigated, especially when the shedding frequency (f s ) synchronises with the driving frequency. A series of modes of synchronisation are presented, which are referred to as the p/q modes, where p and q are natural numbers. When a p/q mode occurs, f s is detuned to (p/q)f d , representing the shedding of p pairs of vortices over q cycles of cylinder oscillation. The p/q modes are further characterised by the periodicity of the transverse force over every q cycles of oscillation, and a spatial-temporal symmetry possessed by the global wake. The synchronisation modes (p/q) with relatively small natural numbers are less sensitive to the change of external control parameters than those with large natural numbers, while the latter is featured with a narrow space of occurrence. Although the mode of synchronisation can be almost any rational ratio (as shown for p and q smaller than 10), the probability of occurrence of synchronisation modes with q being an even number is much higher than q being an odd number, which is believed to be influenced by the natural even distribution of vortices in the wake of a stationary cylinder.
Introduction and motivation
The frequency of vortex shedding (f s ) from a forced-excitation body may undergo a departure from the inherent Strouhal number (f St ) of the otherwise stationary body, as a result of the interaction between the self-excited wake instability and the externally imposed perturbation (Konstantinidis & Balabani 2007) . Such a feature has been used as a method in active wake control (Karniadakis & Triantafyllou 1989; Griffin & Hall 1991) . At certain combinations of driving frequency (f d ) and amplitude (A) of harmonically perturbed oscillations, the vortex shedding may synchronise with the cylinder oscillation, where the flow is characterised by ordered and repeatable wake formation.
Some distinct modes of synchronisation have been observed in the wake of a controlledoscillatory circular cylinder over a range of Reynolds numbers, Re = U ∞ D/ν, where U ∞ is the free stream velocity, D is the cylinder diameter, and ν is the kinematic viscosity. Published works in this respect include a cylinder undergoing one-degree-of-freedom (1-dof) sinusoidal vibration either in the transverse direction to the incident flow (Bishop & Hassan 1964; Koopmann 1967; Griffin & Ramberg 1974; Stansby 1976; Williamson & Roshko 1988; Ongoren & Rockwell 1988a; Detemple-Laake & Eckelmann (1989) carried out an experimental study on the f s and vortex formation from a circular cylinder under the influence of sound waves, which was superimposed on the flow in-line with the free stream. With remarkable analogies to the wake of a translationaloscillatory cylinder in a steady flow, the Ká rmá n vortices were found to shed at the sound frequency or at sub-harmonics of the sound frequency and the flow phenomenon was observed to be independent of the Reynolds numbers in the range from 50 to 250. Although the most stable mode of shedding locked-on to half of the sound frequency, Detemple-Laake & Eckelmann (1989) also reported that, at certain conditions, f s was pulled to rational ratios of 2/3, 3/4 and 4/7 of the sound frequency. This is one of the first studies that reported these mode ratios, although the perturbation was due to the external sound waves. Baek & Sung (2000) numerically investigated vortex shedding around a circular cylinder undergoing rotational oscillations to quantify quasi-periodicity in the wake. In a few cases when the forced oscillation frequency (S f ) is close to the natural vortex-shedding frequency, the wake was found to be approximately but not "exactly recovered" after a certain number of cycles of oscillation, such as that S t0 /S f ≈ 12/11, where S t0 is the recovered shedding frequency. In other words, approximately 12 vortex pairs shed during 11 forcing periods. Baek & Sung (2000) further proposed that an irrational S t0 /S f leads to a quasi-periodic flow, while a rational S t0 /S f = p/q gives rise to a periodic flow (p and q are integer numbers). In addition, nonlinear oscillation models were successfully applied in analysing the frequency components. However, possibly due to the focus being on quasi-periodic flows, the study did not provide examples of synchronisation states other than p/q = 1.
More recently, nonlinear synchronisations or P N modes for an in-line oscillatory cylinder at Re ≤ Modes of synchronisation in the wake of a streamwise oscillating cylinder 3 250 have been reported (Leontini, Lo Jacono & Thompson 2011; , where f s /f d synchronises to rational ratios in the form of (N-1)/N and integers N as large as 8 were observed (i.e., the P 8 mode). It was noted that the 1/2 mode and 2/3 mode reported by Ongoren & Rockwell (1988a) are just special cases in a series of rational-mode ratios, (N-1)/N. Leontini et al. (2011; also offered an informative discussion on the wake frequency selection at a range of fixed f d and Re. The f s was found to be a continuous function of the squared oscillation amplitude (A/D), with discontinuous steps overlaid on the trend due to the synchronised P N modes, which was latter experimentally reproduced at high Re ∈ [3750-6300] (Tudball-Smith et al. 2012) . The modes with a numerator other than N-1 were not reported in their studies.
A popular physical explanation on the frequency content in the near-wake flow has been identified as the competition between vortex formation induced by the steady flow and the cylinder oscillation. Xu et al. (2006) provided a discussion on the mode competition through a dimensional analysis. Although from all interpretations on the synchronisation phenomenon, there is no restriction for f s /f d being synchronised to other rational ratios (for example 3/5), investigations in this respect are limited. Exceptions include Olinger & Sreenivasan (1988) , Olinger (1993) and Olinger (1998) who demonstrated through experiments on a transversely oscillatory cylinder in air at Re ≈ 55, that the wake frequencies are "lock-in" to approximately 30 rational ratios of f d . Rational ratios, such as 3/5 and 2/7, are not uncommon in their work and occupy reasonable widths over the external frequency. Over a range of relatively large Re between 420-435, Woo (1999) observed approximately ten more phase-locked states in a brief note. Both Olinger & Sreenivasan (1988) and Woo (1999) correlate these phase-locked phenomena in fluid dynamics to the resonant responses of nonlinear dynamical systems with coupled oscillators or oscillators coupled to periodic external excitations. Woo (1999) even implied that any reasonably fine phase-locked state could be detected given properly controlled cylinder oscillation in the (f d /f St , A/D)-plane. However, relatively less attention has been paid to this multiplicity of synchronisation states by subsequent studies. This work is motivated by the abundance of the synchronisation modes and attempts to obtain further understanding on how the flow is synchronised with the external perturbation in the wake of an in-line oscillatory cylinder in steady flow. A variety of subharmonic synchronisation modes, identified for the case of a transversely oscillating cylinder (Olinger & Sreenivasan 1988; Woo 1999) , is shown to exist for the case of an in-line oscillating cylinder. These modes of synchronisation are referred to as p/q modes, where p and q are natural numbers (taken as 0, 1, 2, 3, 4, ...) and the mode ratio p/q can potentially be any rational ratio between [0, 1] in the subharmonics regime. From the common feature of perturbed wakes as discussed above, it is anticipated that the main findings from the present study should also apply to other types of externally imposed perturbation, such as transverse or rotatory oscillations.
The remainder of this paper is organised as follows. Numerical methods and model validations are introduced in §2. The main findings are presented in §3 with a demonstration on how the modes of synchronisation are identified through the time representation of transverse forces, followed by a presentation of a synchronisation map of the identified modes in the (f d /f St , A/D)-plane and selected flow features in several modes. A complete series of modes of synchronisation is further discussed in §4, along with the mode selection of a synchronised flow. Finally, the concluding remarks are presented in §5.
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Methodology

Numerical method
The study is carried out numerically based on a two-dimensional numerical model at Re = 175, following Leontini et al. (2011; , who have also demonstrated the generality of the results over Re = 75 ~ 250 by two-dimensional simulations. Although the possibility of the flow becoming threedimensional cannot be ruled out over the parameter space covered in this study, the threedimensionality is expected to be weak and has a limited effect on the characteristics of flow. The consistency among experimental studies by Olinger & Sreenivasan (1988) , Woo (1999) and TudballSmith et al. (2012) at different flow regimes as discussed earlier, provides further confidence on this. The governing equations for the flow are the incompressible Navier-Stokes (NS) equations,
where U = (u, v) is the velocity in the x-and y-directions, t is the time and p % is the kinematic pressure. Direct numerical simulations are carried out by using an open-source Spectral/hp element code, Nektar++ (Cantwell et al. 2015) . The code employs high-order quadrilateral expansions within each element through the Gauss-Lobatto-Legendre quadrature points (N p ). A second-order implicitexplicit time-integration scheme is chosen from the embedded incompressible NS solver, along with the velocity correction splitting scheme and a continuous Galerkin projection.
Herein the harmonic cylinder oscillation is implemented through a moving frame fixed on the cylinder by introducing a forcing term, a, which is the additional acceleration as the result of the non-inertial translation of the reference frame as detailed by Newman & Karniadakis (1997) . This technique avoids the difficulty with mesh deformations and has been implemented successfully in various studies (Newman & Karniadakis 1997; Blackburn & Henderson 1999; Leontini et al. 2006) . Although it is an unbounded flow, a rectangular computational domain is employed in the numerical simulation as shown in Figure 1 . At the left, top and bottom boundaries, the Dirichlet boundary conditions of u = U ∞ -u cyl and v = 0 are applied, where u cyl is the forcing cylinder velocity. On the cylinder surface, the no-slip condition is imposed. A zero normal velocity gradient is applied on the outlet boundary. The pressure is fixed to zero at the outlet, while higher-order boundary conditions of pressure gradient are implemented on the cylinder surface and the far-field boundaries (Karniadakis, Israeli & Orszag 1991) . In the simulations, the initial values of flow velocity and pressure were set to zero, while the time-step was chosen to keep the Courant number below 1. The independence of the flow fields from the time-step was also checked at a few selected cases.
The displacement of the circular cylinder in the free stream is formulated in the x-direction as,
where A is the amplitude of the cylinder oscillation, f d is the non-dimensional driving frequency of the oscillation and τ is the non-dimensional time (both have been non-dimensionalised by the time scale D/U ∞ ). It is noted that the problem of the steady flow around an oscillatory cylinder is kinematically equivalent to that of non-zero mean oscillatory flow around a fixed cylinder, provided that a transformation in the control variables is carried out (Konstantinidis & Bouris 2016) . In the present study, we have simulated both problems at certain equivalent parameters and the results are identical. 
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Model validation
A computational domain size of 40D×75D with 1 806 quadrilateral spectral elements is chosen for the numerical validation on flow around a stationary cylinder. Figure 1 shows the mesh distribution in the whole computational domain along with a close view around the cylinder. The quadrilateral expansion is employed through the Gauss-Lobatto-Legendre quadrature points within each element. In the model validation, five different orders of Lagrange polynomial expansion (N p ) are tested. Table 1 provides a summary of the convergent study at Re = 175 for a stationary cylinder. In this study, N p varies from 5 to 9, resulting a global number of points ranging from 1 806 × 5 2 to 1 806 × 9 2 . The converged force coefficients and vortex shedding frequencies in Table 1 show that the flow is generally independent of the chosen N p . Here, (Williamson & Brown 1998 ) and the numerical results by Leontini et al. (2013) and Jiang et al. (2016) . The difference between the present results and those published is within 1% in most of the cases investigated.
Validations are also carried out for an in-line oscillatory cylinder placed in a steady current at Re = 175. Figure Griffin & Ramberg 1976; Konstantinidis & Bouris 2016; Tang et al. 2016 ) and data of Tatsuno (1972) were extracted from Barbi et al. (1986) . Firstly, the method used for identifying synchronisation is introduced. Apart from visual observations of flow fields, the time history of the lift coefficient has been employed for quantifying wake dynamics (Barbi et al. 1986; Al-Mdallal et al. 2007; Cetiner & Rockwell 2001) , partly because it is free from inertial forces acting along the direction of oscillation (Konstantinidis & Bouris 2016) . The identification of synchronization is usually achieved through examining the power spectrum 8 Tang, Cheng, Tong, Lu and Zhao obtained by using the Fast Fourier transform (FFT), the Lissajous phase diagram and the Poincaré map. The synchronisation is characterised by the periodicity of C L and thus closed loops of the Lissajous phase diagram. Since forces are not always readily available in laboratory tests, velocity signals in the near wake are usually employed to identify the synchronisation mode (Ongoren & Rockwell 1988a ). The time history and power spectrum of C L , and the Lissajous phase diagram (C L versus X) are used to identify synchronisation in the present study. It is understood that the maximum peak in Figure 5 (i) corresponds to the vortex shedding frequency, f s . For synchronisation cases, the physical meaning of the ratio p/q = f s /f d is that there are p cycles of vortex shedding in q cycles of cylinder oscillation. Therefore, p and q can be identified by counting the repeated pattern of C L (τ) and X(τ) in (ii). In this example, 2, 3 and 4 cycles of lift oscillations are observed in 5 cycles of cylinder oscillations, which are now referred to as the 2/5 mode, 3/5 mode and 4/5 mode of synchronisation, respectively. It is noted that the 1/5 mode is out of the range of the present work and in fact it shows up at around f d = 4.5f St for a cylinder oscillating transversely to the flow as reported by Ongoren & Rockwell (1988a) . It is also worth pointing out that the 5/5 mode is normally identical to the 1/1 mode (identified elsewhere), which also serves as an example that an incompletely reduced fraction, such as 6/8 (identical to 3/4), is not a mode commonly identified in the present work.
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The typical flow fields for these p/5 modes are shown in Figure 6 by vorticity contours of ω z , calculated using U . The inset boxes highlight the shed and convection of 2, 3, and 4 (p) pairs of vortices in 5 (q) cycles of oscillation, respectively. Similar vortex shedding processes to those shown in Figure 5 are also observed for other p/q modes, which will not be shown in details for ease of the presentation. Olinger & Sreenivasan (1988) referred these bands of synchronisation as Arnold's tongues, interleaved in the quasi-periodic cases. Except the two dominant modes (1/2 and 1/4), the bands of synchronisation (composed by cases of the same mode at different controlling parameters, as indicated by the lines of approximation at selected modes) are mostly very narrow. The cylinder oscillation serves as a disturbance to the fundamental vortex shedding process induced by the steady flow. A general trend is that the f d required for a certain mode reduces as the level of disturbance (A/D) increases, in agreement with the P N synchronisation map by Leontini et al. (2013) .
Modes of synchronisation
As observed in Figure 7 , f s /f d locks-on to almost all possible completely reduced rational ratios composed of natural numbers smaller than 10 and some more above, including the primary lock-on mode (Bishop & Hassan 1964; Tanida et al. 1973) and the P N mode . It also appears that the mode of synchronisation favors small natural numbers (p and q), and the integer combination of 1/2 dominates in the parameter space for A/D < 0.3. This, understandably, is the one of the reasons that a wealth of research has been devoted to the 1/2 mode. The next dominant mode is 1/4 from the map, followed by modes such as 3/4 and 1/3, which are the earliest reported modes of synchronisation as documented by Ongoren & Rockwell (1988a) .
It is found that fine increments of A/D and f d /f St are required in systematically capturing synchronisation modes composed of relatively large natural numbers of p and q, such as 3/5, 3/8, 3/7 and 7/10. Those modes were seldom reported in the published work as cited earlier. A fascinating feature of the flow in relatively large-integer modes is that the periodicity is maintained for a long period of seemingly disordered oscillations. Some example cases will be given later on to show the complexity of the flow field.
It is estimated that there are approximately 35% of the total investigated cases belong to the synchronization state for A/D ≤ 0.3. Thus at low amplitude the synchronised phenomenon is not a common feature, but the resonance serves as the limiting case in a series of quasi-periodic responses, as discussed by Lotfy & Rockwell (1993) , which therefore provides an insightful perspective to the wake flow.
3.2.1.
Mode
The parameter space with A/D > 0.3 and f d /f St > 1.2 as shown in Figure 7 is occupied by symmetric flows with regards to the oscillation direction, especially close to the cylinder. The existence of such a region is due to the large disturbance induced by the oscillation that significantly affects the inherent vortex shedding. This flow feature is classified as the 0/1 mode of synchronisation to represent the strong suppression on natural vortex shedding. If C L-rms is smaller than 10 -3 , the natural vortex shedding is deemed to be completely suppressed (f s = 0), leading to another large area in the (f d /f St , A/D)-plane that is labelled as f s /f d = 0/1. The wake characteristics associated with symmetric flows are shown in Figure 8 at A/D = 0.4 with a range of f d . In the experimental study by Konstantinidis & Balabani (2007) , symmetric flows were promoted for f d around 3f St ~ 4f St at Re = 1200, where the symmetry was only sustained in the neighborhood of the oscillatory circular cylinder, giving rise to asymmetric arrangements of vortex structures further downstream. In the present simulations, asymmetric far wake is also found on both ends of f d for the band of mode 0/1 but the wake can also be perfectly symmetric throughout the simulation domain for intermittent f d . The shedding of vortices is mainly induced by the cylinder oscillation rather than the steady flow at mode 0/1, where the shedding of vortices due to cylinder oscillation weakens the shear layers induced by the steady flow, resulting in the disappearance of the conventional Ká rmá n vortex street.
A similar steady solution from the NS equations at large Re ( > 50) was also found in the wake of a rotational cylinder (Rao et al. 2013) . As f d further increases beyond f d /f St = 3.4, the conventional Ká rmá n vortex street returns mainly because vortex shedding induced by cylinder oscillations becomes desynchronised with the driving frequency. 
Selected modes at A/D = 0.1
Flow synchronisations with large p and q values, such as the 8/13 mode, are illustrated in Figure 9 , along with the flow fields in Figure 10 . The modes are chosen to highlight the subharmonic modes of the present interest and to compare them with those reported elsewhere. The periodicity of the 8/13 mode is quite subtle compared with the modes with small p and q values, such as the 1/3 mode. The time history of C L , as observed in the inserted box in Figure 9 (cii), seems to lose its periodicity, in both amplitudes and the zero-crossing intervals until after 13 exciting cycles, where C L has experienced 8 cycles of oscillation and starts to repeat itself in exactly the same manner thereafter. The detection of synchronisations with large p and q values through C L (τ) or flow fields as shown in Figure 10 Identifying the lock-on modes from wake features works the best at modes with small p and q integers. Figure 10 (a) demonstrates this with a 3/4 mode where three pairs of vortices (shed in four cycles of oscillation) are rearranged into two groups (indicated by inclined-dashed lines) in the wake. This simplicity makes it easily detectable and thus similar flows have been investigated intensively.
For example, a similar flow has been documented as the P+S mode by Williamson & Roshko (1988) , the A-III mode by Ongoren & Rockwell (1988b) , vortex triplets by Detemple-Laake & Eckelmann (1989) , as well as the P 4 mode by Leontini et al. (2013) . This is likely the reason that little has been reported on the wake structures of the high-order subharmonic modes. A review on the wake flow classifications can be found in Konstantinidis & Bouris (2016) .
The insets in Figure 10 show the phase portraits of C L , which have been calculated according to Baek & Sung (2000) as
The phase portrait separates two orthogonal components from C L (τ) with respect to the carrier frequency. The definition suggests that from any point on the phase portrait, the distance to the coordinate origin (0, 0) represents the amplitude of C L (τ), with an instantaneous phase angle of
, the phase portrait yields a limited number of loops for the synchronised flow, which is the case for all modes shown in Figure  10 . The number of loops appearing in the phase portrait is dependent on p and q in the mode ratio and the phase portrait becomes increasingly complicated as p and q become large. Tang, Cheng, Tong, Lu and Zhao 3.2.3 .
Selected modes vs prime numbers
Many synchronisation mode ratios involve a prime number, which is necessary to form completely reduced rational ratios. The flow features for such modes are illustrated in Figure 11 at two prime numbers that constitute the modes of p/7 and 11/q. A common feature of these modes is that the phase portrait is simple when the mode ratio is composed of small integers, but complex with large integers. It is found that modes with large integers are sensitive to the controlling parameters. The synchronisation feature observed in mode 11/28 in Figure 11 (d) changes with a slight change in f d , A/D or Re. It is noted that Konstantinidis & Bouris (2016) have recently demonstrated that even the strongest lock-on mode 1/2 is also dependent on the initial conditions, especially near its regime boundaries.
3.2.4.
Beating feature
A number of quasi-periodic cases is observed where the flow shows an asymptotic state to synchronisation. The quasi-periodicity in the flow is thought to be due to the interaction of at least two incommensurable frequencies including f s and f d . Figure 12 gives such an example, in which C L (τ) apparently displays a beating phenomenon. The chosen case at (f d /f St , A/D) = (2.220, 0.1) is close to the boundary of the 1/2 mode (see Figure 7) , where the frequency content f L /f d around 1/2 in the FFT spectra is affected by two frequencies which are comparable in strength. There are plenty of similar quasi-periodic states found in the simulations. Baek & Sung (2000) demonstrated that, in the quasi-periodic wake flow, the driving, natural and modified vortex shedding frequencies are all significant and compete with each other. 
Discussion
Synchronisation modes available
Available synchronisation modes are inferred based on the Farey sequence in number theory. The numerical results presented have shown that f s /f d is always a rational ratio between 0 and 1 when the subharmonic synchronisation occurs. The available rational ratios among [0, 1] that are composed of natural numbers smaller than 10 are shown in Table 2 , which is known as the Farey sequence. The first column of the table lists the order of the sequence and the rest of columns list the rational ratios. A high order row includes rational ratios from all lower orders. The Farey sequence may provide useful guidance for identifying potential synchronisation modes.
It is found that almost all of the rational ratios enclosed in the dashed box in Table 2 correspond to a synchronisation mode (except 4/9 and 5/9, which will be explained later on). It is inferred that the rational ratios in the Farey sequence form all available modes of synchronisation for an oscillatory cylinder in a steady current. It is seen from Table 2 that the gap between two neighboring numbers in each row decreases with increased order of the sequence (q). This corresponds to the requirement of the fine-frequency increment to capture high-order synchronisation modes. 
3 8 5 7 9 2 9 7 5 8 3 7 4 9 5 6 7 8 9 1 1 1 1 1 1 2 1 2 3 1 3 2 3 4 1 5 4 3 5 2 7 5 3 7 4 5 6 7 8 9 10 9 8 7 6 5 9 4 7 10 3 8 5 7 9 2 9 7 5 8 3 10 7 4 9 5 6 7 8 9 10 Table 2 The list of all possible rational ratios as appeared in the Farey sequence for selected orders up to 10. All boxed fractions were found by f s /f d , except 4/9 and 5/9 (on row 9
F and 10 F neighbouring 1/2). Only fractions larger than 1/4 are believed to fall in the parameter range covered in the present work.
Lower order ratios appear firstly in the sequence and they generally occupy large area in the table, which is consistent with modes of synchronisation in the (f d /f St , A/D)-plane map shown in Figure 7 . Higher order ratios tend to emerge in a confined area, such as in the bottom corner area on the right of the table. Specifically, there are only three available modes of synchronisation from 4/9 ~ 5/9 (0.44 ~ 0.56) (see order 10 in Table 2 ), while there are six over a similar size of the interval from 4/5 ~ 9/10 (0.8 ~ 0.9). This distribution of available rational ratios concurs with the mode selection of the flow. A general observation from the numerical results is that the wake tends to adjust itself to a frequency that is commensurate with the oscillation. In such a way, fluid flow has fewer available states in between 4/9 ~ 5/9 (0.44 ~ 0.56) than that between 4/5 ~ 9/10, where in the former range the flow presents the primary lock-on feature, and in the latter range the flow feature may change with a slight change in the controlling parameters. The reason that synchronisation modes of 4/9 and 5/9 were not found in this study is likely due to their closeness to the dominant mode 1/2. Since the inline force typically fluctuates at twice the frequency of the transverse force, so that driving at 2f St leads to the primary synchronization between the vortex shedding and the oscillation (Bishop & Hassan 1964; Leontini et al. 2011) . The primary mode is so strong that it overlaps with other modes. As the oscillation amplitude is increased in Figure 7 , the frequency range covered by mode 1/2 also gradually widens till A/D ≈ 0.25 and thus more missing synchronisation modes are expected within the area occupied by mode 1/2.
There are potentially an infinite number of available mode ratios if we consider the orders of the Farey sequence greater than 10 in Table 2 . An interesting question arising from this is whether can we predict the locations of occurrence of the available modes (Table 2) 
Wake characteristics and lift coefficient
The wake characteristics are illustrated by examining the absolute mean lift coefficient, | L C |, as a function of f d /f St at A/D = 0.1 and 0.2 in Figure 13 . A zero-mean C L (τ) suggests an equal distribution of vortices/energy besides the cylinder with respect to the oscillation direction. For synchronised flows with an even-denominator or quasi-periodic flows, the | L C | is generally close to zero. This observation quantitatively demonstrates that a relatively evenly distributed wake is the preferred wake formation. The synchronised flow with an even-denominator mode generally maintains an adjusted spatial-temporal symmetry as,
where M T is the period of synchronisation. This is especially clear at low A/D and at rational ratios composed of small integers. The symmetry induces a global wake oscillation at a frequency (f g /f d = 2p/q) that corresponds to the shedding frequency of two groups of p vortices. The 3/4 mode flow shown in Figure 10 (a) is a typical of such flows.
On the other hand, it is observed that mode ratios of 2/3, 3/5, 3/7, 2/5 and 1/3 present distinct peaks in | L C |. This is due to the uneven distributions of vortices on either side of the oscillation axis and mainly corresponds to a synchronised wake with an odd-denominator mode ratio, for instance in Figure 10 The range of f d /f St over which the occurrence of the odd-denominator modes occurs is narrow, mostly including only a couple of cases.
By comparing Figure 7 and Figure 13 , it is found that the flow favors synchronisation modes with an even-number denominator over those with an odd-number denominator. There are far more cases, for instance, with 3/4 or 5/6 mode ratios than that of 4/5 in Figure 7 . It is interpreted as that both the background steady flow and the oscillatory perturbations affect the distribution of wake vortices, but the steady flow is the dominant mechanism at low A/D. Since Ká rmá n vortex street has the spatial symmetry about the flow direction in equation (4-1), the overall flow favors the symmetric state for this reason. The uneven distribution of vortices to the direction of oscillation is believed to be a manifestation of the asymmetric vortex formation induced by the cylinder oscillation, including the flow field of mode 1/2 as given in Figure 13 (b) . In the case of oscillatory cylinders in still water, the shed vortices can move laterally to the axis of oscillation (Tatsuno & Bearman 1990; Tong et al. 2015; Tong et al. 2017) .
One point that is worth mentioning related to mode 2/3 is that it is a special mode in terms of small integer numbers (only second to mode 1/2 in this sense). The mode 2/3 is less dominant than, for instance modes 3/4 or 3/8. In fact, attributing to the narrow synchronisation region, mode 2/3 has rarely been reported previously. As discussed above, the odd denominator requires an inclined wake, but the steady flow dominates the wake formation. Instead, around the location of mode 2/3, the flow is sensitive to the variation of f d and changes accordingly to either a quasi-periodic state (another way to equally distribute the rotational flow) or a nearby synchronisation state with an even denominator (such as the 3/4 mode). In one case, the flow even synchronises at an incompletely reduced mode ratio, 4/6, and this adjustment brings L C close to zero, as indicated in Figure 13 (b). 
Frequency adjustment
The influence of cylinder oscillations on f s is illustrated in Figure 14 Leontini et al. (2013) . However, such a trend is lost for large f d . Undoubtedly, f s shows a linear response once it is synchronised to the oscillation (in each of the modes highlighted by the dashed lines) and exceeds f St at the end of modes 1/2 and 1/4. In total f s ranges approximately from 75% to 110% of f St , and the extreme values are found at the two ends of the 1/2 region, respectively. Another prominent feature in Figure 14 is the discontinuities in the diagram, which are mainly due to the regime jumps of the flow, between different synchronised modes, or between synchronised and desynchronised cases.
When normalized by f d as given in Figure 14(b) , f s /f d shows a few plateaus (as indicated by the horizontal dashed lines), which were referred to as the 'Devil's-staircase' by Olinger & Sreenivasan (1988) in the perspective of a low-dimensional dynamic system, to highlight the discontinuous state in the frequency adjustment. These plateaus are interleaved with the quasi-periodic cases. The synchronised mode ratio f s /f d therefore experiences a consistent drop with increasing f d /f St , but whenever f s /f d drops to a rational ratio, this trend temporarily stops (linear response) until the flow is disturbed further by the increased exciting frequency (non-linear response). Large increases in the root-mean-square value of the lift coefficient (C L-rms ) were noticed in the synchronised regions, especially when the synchronisation tongue is wide (see the 1/2 and 1/4 modes). This is because as the separated flow becomes resonant to f d , it is associated with the coalescence of small vortices and thus a more organised wake flow, causing an enhanced shear layer and a stronger entrainment wake (Wu et al. 1998) . It is noticed in the zoomed inset of Figure 14 (c) that responses of C L-rms in the narrow synchronisation regions exhibit self-similarity to the wide regions. This is observed in each of the 5/12, 2/5, 3/8 modes as well as the 1/4 synchronised region, which brings a local rise in C L-rms , holding an extraordinary resemblance to that of the 1/2 mode. The self-similarity of C L-rms values in different synchronisation modes suggests they share the same physical mechanism, while the magnitude of increase in C L-rms at each mode region is consistent with the strength of frequency adjustment. Table 3 Values of (M, N) for locations of selected peaks in the frequency spectra in Figure 15 
Frequency peaks
It has been shown the frequency content in the lift force can be very rich when the flow is quasiperiodic (Baek & Sung 2000; Leontini et al. 2011) , where nonlinear interactions between the driving and vortex shedding create relatively widespread peaks. In contrast, the spectra of synchronised cases exhibit only a number of sharply defined peaks, as observed from all locked-on spectra shown above, in consistent with previously experimental observations (Cetiner & Rockwell 2001) . The physical meaning of these peaks is the sum and difference of the f s and f d . This phenomenon can be interpreted as when the nonlinear effect is less dominant as compared to the quasi-periodic case, f s is linearly dependent on f d . The local peak locations   Lp in the frequency content are therefore simply the sum and difference of the mode ratio p/q combined with a pair of integer numbers (M, N) Further demonstration is shown in Figure 15 for a case with great complexity at p/q = 11/14 (see Table 3 (please note that there are more than one pair of M and N for these peaks).
Conclusions
Numerical simulations have been carried out in seeking the modes of synchronisation between the vortex shedding frequency (f s ) and the driving frequency (f d ) in the wake of a streamwise oscillatory cylinder at a fixed Reynolds number, Re = 175 (based on the free stream velocity). The synchronisation is characterised by exactly p pairs of vortices being shed over q periods of cylinder oscillation, thus f s is detuned to a rational ratio of f d , i.e. f s /f d = p/q (p and q are natural numbers, taken as 0, 1, 2, 3, 4, ...). This feature has given rise to a repeated transverse force every q oscillation cycles and a certain type of spatial-temporal symmetric-global wake. The main conclusions are drawn as follows:
1) It is shown that the outcome of the competition between vortex formation induced by the steady flow and that by the cylinder oscillation leads to a relatively complete series of synchronisation modes. The mode ratios constitute the Farey sequence, including the primary synchronisation mode where f s /f d = 1/2 (Tanida et al. 1973) , and the nonlinear P N synchronisation mode where f s /f d = (N-1)/N and N is an integer . 2) Although it is demonstrated that the synchronisation mode ratio f s /f d can be almost any completely reduced rational ratio, p/q (as can be seen for p and q ≤ 10), the synchronised flow field is relatively robust to the change of controlling parameters for small numbers (such as 1/2, 1/4, as well as 0/1). That is, the synchronised flow favours ratios composed by small natural numbers. 3) The synchronised flow manifests itself in a variety of modes also preferring an even number as the denominator in the mode ratio to an odd one. This is attributed to the natural distribution of the Ká rmá n vortex street. It can be interpreted as that both the background steady flow and the oscillatory perturbation control the wake, but the steady flow is the dominant mechanism in the present range of parameters. 4) When an odd number is chosen as the denominator in the mode ratio, however, the wake flow generally leans to one side of the axis of oscillation and the mean transverse force is not zero. This feature resembles that of the asymmetric vortex formation around oscillatory bodies without the steady flow (Tatsuno & Bearman 1990; Tong et al. 2017) . The region of mode ratio with an odd denominator is generally narrow, and the flow is sensitive to a change of driving frequency. 5) Whenever the wake flow is synchronised with the movement of the cylinder, f s is linearly dependent on the change of f d , so the peaks in the Fourier spectrum of the transverse force is simply the sum and difference of f s and f d . Since f s coincides with a rational ratio of f d , it is demonstrated that the spectrum peaks are located at the super harmonics of 1/q. A nonlinear effect, namely the competition between the vortex shedding and cylinder oscillation, takes place for desynchronised cases and introduces less regular frequency content in the Fourier spectrum.
